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Sensitivity Analysis and Analysis of Alternatives

Sensitivity Analysis:

Global sensitivity - Stochastic Kriging or Gaussian Process (optimisation)

Local sensitivity - low-order polynomials (main effects/two-way interactions)

Sub-system marginal contribution to operational effectiveness

Combat multipliers (combined arms combat)

Robustness of point-scenario insights to uncertain parameters

Analysis of Alternatives:

Discrete set of competing systems (e.g. tender evaluation)

All pairwise comparisons - generally produces only partial order

Selection of the best or subset containing the best

Ranking analysis - score-based or partition-based

4

UNCLASSIFIED / Public Release



Sensitivity Analysis and Analysis of Alternatives
Sensitivity Analysis:

Global sensitivity - Stochastic Kriging or Gaussian Process (optimisation)

Local sensitivity - low-order polynomials (main effects/two-way interactions)

Sub-system marginal contribution to operational effectiveness

Combat multipliers (combined arms combat)

Robustness of point-scenario insights to uncertain parameters

Analysis of Alternatives:

Discrete set of competing systems (e.g. tender evaluation)

All pairwise comparisons - generally produces only partial order

Selection of the best or subset containing the best

Ranking analysis - score-based or partition-based

4

UNCLASSIFIED / Public Release



Sensitivity Analysis and Analysis of Alternatives
Sensitivity Analysis:

Global sensitivity - Stochastic Kriging or Gaussian Process (optimisation)

Local sensitivity - low-order polynomials (main effects/two-way interactions)

Sub-system marginal contribution to operational effectiveness

Combat multipliers (combined arms combat)

Robustness of point-scenario insights to uncertain parameters

Analysis of Alternatives:

Discrete set of competing systems (e.g. tender evaluation)

All pairwise comparisons - generally produces only partial order

Selection of the best or subset containing the best

Ranking analysis - score-based or partition-based

4

UNCLASSIFIED / Public Release



Linear Regression
With mi replications at each design point xi fit using OLS criterion. The sum of squared residuals is:

SSR =
n∑

i=1

mi∑
r=1

(ŷi − wir )
2 where ŷi =

q∑
j=1

xij β̂j , i = 1, . . . , n

=
n∑

i=1

mi∑
r=1

(xik β̂k )2 + 2xik β̂k

q∑
j=1; 6=k

xij β̂j +

 q∑
j=1; 6=k

xij β̂j

2

− 2wir

q∑
j=1

xij β̂j + (wir )
2

 .

Differentiating the SSR with respect to the k−th regression parameter gives:

∂SSR

∂β̂k

= 2

n∑
i=1

xik mi

q∑
j=1

xij β̂j − 2

n∑
i=1

xik miw i , k = 1, . . . , q where w i =
mi∑

r=1

wir/mi .

Normal equations for the OLS estimator:X ′MX β̂OLS = X ′Mw.
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Parameter Confidence Intervals

Since β̂OLS
j =

∑n
i=1 Ljiw i where L = (X ′MX)−1X ′M and treating w i as random variables:

var(β̂OLS
j ) = var(

n∑
i=1

LjiW i) =
n∑

i=1

n∑
i′=1

LjiLji′cov(W i , W i′)

=
n∑

i=1

n∑
i′=1

LjiLji′ ×
min(mi ,mi′ )∑

r=1

cov(Wir ,Wi′r )/(mimi′)

=
n∑

i=1

n∑
i′=1

LjiLji′σii′/max(mi ,mi′) where σii′ = cov(Wi ,Wi′).

This generalises and simplifies Kleijnen (2015) who treated mi = m and mi 6= m separately.
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Independent and Identically Distributed Simulation Output

The covariance matrix simplifies Σw = σ2(w)I and either:

σ2(W) ≈ s2(w) =
∑n

i=1(mi − 1)s2(wi)/(N − n) pooling n sample variance estimators, or

σ2(W) ≈ MSR =
∑n

i=1

∑mi
r=1(ŷi − wir )

2/(N − q) based on the residuals of the OLS regression.

However Kleijnen (2015) used:

“MSR” =
n∑

i=1

mi(ŷi − w i)
2/(N − q) =

n∑
i=1

mi

[
mi∑

r=1

(ŷi − wir )/mi

]2

/(N − q).

But numerator involves average residuals→ risks underestimating the SSR (and MSR).

Kleijnen’s (2015) lack-of-fit F-statistics are incorrect. The correct, general, expression is:

FN−q,N−n =
MSR

s2(w)
=

∑n
i=1

∑mi
r=1(wir − ŷi)

2/(N − q)∑n
i=1

∑mi
r=1(wir − w i)2/(N − n)

.
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Common Random Numbers
With CRN as a Variance Reduction Technique mi = m and Σw approximated by sample covariance so:

var(β̂OLS
j ) ≈

n∑
i=1

n∑
i′=1

LjiLji′

m∑
r=1

(wir − w i)(wi′r − w i′)/[m(m − 1)].

Kleijnen (2015) proposed alternative method inspired by classical text Law (2007).
Simply use mean and deviation of sample point estimates β̂j;r =

∑n
i=1 Ljiwi;r . However:

β̂LAW
j =

∑m
r=1 β̂j;r/m =

∑m
r=1

∑n
i=1 Ljiwi;r/m =

∑n
i=1 Ljiw i ≡ β̂OLS

j and

var(β̂LAW
j ) ≈

∑m
r=1(β̂j;r − β̂LAW

j )2/[m(m − 1)]

var(β̂LAW
j ) ≈

∑m
r=1 [

∑n
i=1 Lji(wir − w i)]2 /[m(m − 1)]

var(β̂LAW
j ) ≈

∑m
r=1

∑n
i=1 Lji(wir − w i)

∑n
i′=1 Lji′(wi′r − w i′)/[m(m − 1)]

var(β̂LAW
j ) ≈

∑n
i=1

∑n
i′=1 LjiLji′

∑m
r=1(wir − w i′)(wi′r − w i′)/[m(m − 1)] ≡ var(β̂OLS

j ).

The two methods are identical, not alternatives.
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Normality
Rarely do our combat simulation output metrics conform to a Normal distribution.

An approach suggested by Kleijnen (2015) is to use Jack-Knifing (Tukey, 1958):

Jj;r = mβ̂j − (m − 1)β̂j;−r where β̂j;−r =
n∑

i=1

Ljiw i;−r and w i;−r =
m∑

r ′=1;r 6=r

wir ′

m − 1
.

However:

Jj;r = m

n∑
i=1

Ljiw i − (m − 1)
n∑

i=1

Ljiw i;−r

=
n∑

i=1

Lji

 m∑
r ′=1

wir ′ −
m∑

r ′=1;r ′ 6=r

wir ′

 =
n∑

i=1

Ljiwir = β̂OLS
j;r .

So the r -th jackknifed pseuduovalue Jj;r is identical to OLS estimator based on r -th replication wr .
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Regression Summary

If output variance is not homogeneous (depends on design points xi ) and if output is not
independent (through CRN) and not normally distributed (often with combat simulations) ...

then Law (2007) approach is in fact identical to both OLS and Jack-Knifing in Kleijnen (2015).

Confidence intervals for the regression coefficients can be calculated from:

β̂j =
n∑

i=1

Ljiw i , j = 1, . . . , q

var(β̂j) ≈
n∑

i=1

n∑
i′=1

LjiLji′

m∑
r=1

(wir − w i)(wi′r − w i′)/[m(m − 1)], j = 1, . . . , q

L = (X ′X)−1X ′ and w i =
m∑

r=1

wir/m, i = 1, . . . , n.

10
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then Law (2007) approach is in fact identical to both OLS and Jack-Knifing in Kleijnen (2015).

Confidence intervals for the regression coefficients can be calculated from:

β̂j =
n∑

i=1

Ljiw i , j = 1, . . . , q

var(β̂j) ≈
n∑

i=1

n∑
i′=1

LjiLji′

m∑
r=1

(wir − w i)(wi′r − w i′)/[m(m − 1)], j = 1, . . . , q

L = (X ′X)−1X ′ and w i =
m∑

r=1

wir/m, i = 1, . . . , n.
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Comparative Sensitivity

Analysis of Alternatives (AoA) more common. How to characterise sensitive parameters here?

Individual alternative simulation output might be sensitive, but comparatively insensitive.

Logistic regression (two alternative case) P(Z = 1|x) =
(

1 + exp[−βT x]
)−1

?

Generate sample data zi = 1 if reject H0 : µ1i = µ0i in favour of H1 : µ1i > µ0i .

odds(x) = P(Z = 1|x)/[1− P(Z = 1|x)] and exp(β̂j) = odds(x + ej)/odds(x).

Simple counterexample:

If P(Z = 1|x) = 1/3 and β̂j = 1→ odds(x) = 1 : 2 and odds(x + ej) = 2.72 : 2 = 1.36 : 1.

Preference (decision) has changed from alternative 0 to alternative 1.

If, however, P(Z = 1|x) = 2/3 and β̂j = 1. Then odds(x) = 2 : 1 and odds(x + ej) = 5.44 : 1.

Preference (decision) has not changed from alternative 1.

Unlikely that logistic regression (or multinomial regression for the general K > 2 case) will work.

11
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Ranking Sensitivity Measure
Score-based method of Villacorta & Sáez (2015):

ski =
K∑

j=k+1

zkji where zkji =


+1, if accept H1 : µki > µji

0, if accept H0 : µki = µji

−1, if accept H1 : µki < µji

How to measure similarity/distance between si and si′?

Convert to ranks: σi(k) = rank(ski , si) so σi(·) is a permutation of {1, . . . , K}.
Weighted Spearman’s Footrule: δF

ii′ =
∑K

k=1 dii′k pii′k |σi(k)− σi′(k)|. (Dolgun et al., 2018).

Inter-rater disagreement: dii′k =
(
|ski−ski′ |
2(K−1)

)p
(Gwet, 2014).

Head or Tail Position: pii′k =
(
σi(k)+σi′ (k)

2

)−1/K
(Kumar & Vassilvitskii, 2000).

This provides a scalar measure of sensitivity of ranking vector between two design points, xi and xi′ .

How do we use that to isolate the sensitivity of ranking vector to an individual parameter xj?

12
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Full Factorial Design Ranking Regression
x.1 x.2 · · · x.j · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K yij+

· · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K yij−
· · · · · · · · · · · · · · · · · · · · · · · ·
x2K . · · · · · · · · · · · · · · · · · · · · ·

Table: Full Factorial Design for Univariate Response

For orthogonal designs β̂ = (X ′X)−1X ′y becomes β̂j = x′.jy/2K .

For balanced designs, can express as β̂j = 1
2K−1

∑
i(yij+ − yij−) = 1

2K−1

∑
i δij+;ij−.

Key observations: Only involves simulation output δ; other parameters ceteris paribus.

For Full Factorial design simply replace δij+;ij− with δF
ij+;ij− =

∑K
k=1 wij+;ij−;k |σij+(k)− σij−(k)|.

13

UNCLASSIFIED / Public Release



Full Factorial Design Ranking Regression
x.1 x.2 · · · x.j · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K yij+

· · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K yij−
· · · · · · · · · · · · · · · · · · · · · · · ·
x2K . · · · · · · · · · · · · · · · · · · · · ·

Table: Full Factorial Design for Univariate Response

For orthogonal designs β̂ = (X ′X)−1X ′y becomes β̂j = x′.jy/2K .

For balanced designs, can express as β̂j = 1
2K−1

∑
i(yij+ − yij−) = 1

2K−1

∑
i δij+;ij−.

Key observations: Only involves simulation output δ; other parameters ceteris paribus.

For Full Factorial design simply replace δij+;ij− with δF
ij+;ij− =

∑K
k=1 wij+;ij−;k |σij+(k)− σij−(k)|.

13

UNCLASSIFIED / Public Release



Full Factorial Design Ranking Regression
x.1 x.2 · · · x.j · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K yij+

· · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K yij−
· · · · · · · · · · · · · · · · · · · · · · · ·
x2K . · · · · · · · · · · · · · · · · · · · · ·

Table: Full Factorial Design for Univariate Response

For orthogonal designs β̂ = (X ′X)−1X ′y becomes β̂j = x′.jy/2K .

For balanced designs, can express as β̂j = 1
2K−1

∑
i(yij+ − yij−) = 1

2K−1

∑
i δij+;ij−.

Key observations: Only involves simulation output δ; other parameters ceteris paribus.

For Full Factorial design simply replace δij+;ij− with δF
ij+;ij− =

∑K
k=1 wij+;ij−;k |σij+(k)− σij−(k)|.

13

UNCLASSIFIED / Public Release



Full Factorial Design Ranking Regression
x.1 x.2 · · · x.j · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K yij+

· · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K yij−
· · · · · · · · · · · · · · · · · · · · · · · ·
x2K . · · · · · · · · · · · · · · · · · · · · ·

Table: Full Factorial Design for Univariate Response

For orthogonal designs β̂ = (X ′X)−1X ′y becomes β̂j = x′.jy/2K .

For balanced designs, can express as β̂j = 1
2K−1

∑
i(yij+ − yij−) = 1

2K−1

∑
i δij+;ij−.

Key observations: Only involves simulation output δ; other parameters ceteris paribus.

For Full Factorial design simply replace δij+;ij− with δF
ij+;ij− =

∑K
k=1 wij+;ij−;k |σij+(k)− σij−(k)|.

13

UNCLASSIFIED / Public Release



Full Factorial Design Ranking Regression
x.1 x.2 · · · x.j · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K yij+

· · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K yij−
· · · · · · · · · · · · · · · · · · · · · · · ·
x2K . · · · · · · · · · · · · · · · · · · · · ·

Table: Full Factorial Design for Univariate Response

For orthogonal designs β̂ = (X ′X)−1X ′y becomes β̂j = x′.jy/2K .

For balanced designs, can express as β̂j = 1
2K−1

∑
i(yij+ − yij−) = 1

2K−1

∑
i δij+;ij−.

Key observations: Only involves simulation output δ; other parameters ceteris paribus.

For Full Factorial design simply replace δij+;ij− with δF
ij+;ij− =

∑K
k=1 wij+;ij−;k |σij+(k)− σij−(k)|.

13

UNCLASSIFIED / Public Release



Fractional Factorial Design Ranking Regression?
x.1 x.2 · · · x.j · · · x.K−p x.K−p+1 · · · x.K y

x1. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

xij+. xij 1 xij 2 · · · +1 · · · xij K−p xij+K−p+1 · · · xij+K yij+

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
xij−. xij 1 xij 2 · · · −1 · · · xij K−p xij−K−p+1 · · · xij−K yij−
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

x2K−p. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Table: Fractional Factorial Design for Univariate Response

For orthogonal and balanced designs, still β̂j = 1
2K−p−1

∑
i(yij+ − yij−) = 1

2K−p−1

∑
i δij+;ij−.

But now careful enumeration of pairs of rows for δF
ij+;ij− for each parameter j = 1, . . . , K .

For first K − p parameters, simply ignore remaining p columns and ij+, ij− chosen as before.

For K − p + j-th parameter, use its column for one of the first K − p columns whose parameter was

used to construct it (via the generator words).
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Summary

Sensitivity Analysis via low-order polynomial meta-models fit using OLS regression and Factorial designs:
1 Combat simulations often depart from (all) standard NIID assumptions:

Non-independently distributed (via use of CRN).
Non-identically distributed (variance depends on design point).
Non-normally distributed (skewness).

2 Kleijnen (2015) text suggested different remedies, but they are actually equivalent.

3 Kleijnen (2015) also incorrectly derived lack-of-fit F-statistics in white-noise case.

Sensitivity Analysis of Analysis of Alternatives new research topic:

1 Borrow distance metrics from Information Retrieval algorithm comparisons.

2 Exploit δ-structure and ceteris paribus principle of Full Factorial designs.

3 Future work: test effectiveness of approach; examine other orthogonal/balanced designs; improve

ranking sensitivity measure.

15
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